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Riassunto: Si affronta il problema della stima e la costruzione di un intervallo di 
confidenza k passi in avanti del Valore a Rischio (VaR) di un attivo o di un portafoglio 
finanziario. La stima e la previsione dei livelli e della volatilità è effettuata utilizzando 
un particolare modello a soglia con due regimi. S’illustra come questo sia diverso e più 
flessibile da quello usato da Tong (1978) per modellizzare la media condizionata. Si 
analizzano le proprietà probabilistiche e statistiche dei due approcci e si mostra come il 
modello proposto presenti una serie di proprietà desiderabili, quali facilità d’uso e 
generalità. Sono, infine, presentati i risultati di un’applicazione a dati reali su un 
portafoglio di 15 attivi. 
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1. Introduction 

 
Given the returns process { }tr , let ( )1ttt rF −ℑ  be the cumulative distribution function 

(cdf) of  rt conditioned by the information set available at time t-1, 1t−ℑ . If Ft(.) and the 

associated probability density function (pdf) ( )1ttt rf −ℑ  are continuous, for a given 

( )1,0∈α , there is only one )(rt α  such that 

 

 ( ) α=ℑα −
−

1tt
1

t )(rF               (1) 

 
and the Value at Risk (VaR) is given by )(αr α)(1VaR t1t =−− . Actually we don’t know 

the process generating returns, but we can only observe a time series of finite length N 
that can be used for estimating VaR. The popularity of this risk measure among 
academic researchers and practitioners is mainly due to two reasons. First, VaR is easily 
interpretable: it gives the maximum loss expected at time t, which will be exceeded with 
probability α . The second reason is related to the Basle Agreement on Banking 
Supervision (Basle Committee on Banking Supervision, 2003), which has established 
rigorous guidelines for risk estimation and management.  
On a theoretical ground, it has been shown that in general VaR does not satisfy the sub-
additivity property and, hence, it is not a coherent risk measure (Artzner et al., 1999). In 
the literature, several different coherent risk measures have been proposed as an 
alternative to VaR (Dowd and Blake, 2006). However, from a statistical perspective, 
most of these can still be expressed as functions of percentiles implying the same 
difficulties encountered for VaR estimation.  



 

Furthermore, if ( )1ttt rF −ℑ  belongs to the family of elliptical distributions, like the 

Normal and Student’s T, VaR is a coherent risk measure. Percentiles, as, in general, any 
order statistic, are not smooth and their estimation implies some approximation 
problems even in the case of iid observations. It is known that if ( )N21 x...,,x,x  is an 

iid sample from F(x)~X , with F and the associated pdf f(x) being continuous, if αx  is 

the α  percentile of F(x) and αx̂  is its sample counterpart computed from its empirical 

cdf, it follows that 
 

 ( ) ( ))x(f/)1(,0Nxx̂N 2L
ααα α−α→− ; )1,0(∈α        (2) 

 

and the error in the estimation of αx  by αx̂  is ( )2/1NO − . For finite N, the quality of 

this approximation deteriorates as α  moves towards the extremes of the interval (0, 1). 
Also it is characterized by a positive bias increasing asα  decreasing and as the tails of 
f(x) become heavier (Inui et al., 2005). These drawbacks affect also the estimation of 
VaR for 05.0≤α  since the (conditional) distributions of financial returns are typically 
characterized by heavy tails. In order to improve the properties of αx̂  several 

procedures have been proposed based on the use of approximation methods, such as the 
Cornish–Fisher expansion, or resambling methods. However, we observe that the 
Cornish–Fisher approximation reduces the error if f(x) is known while the performance 
of resambling methods is not as satisfactory as in the case of smooth statistics (Ho and 
Lee, 2005). On the other hand financial returns are far from being iid: 
 

 ( ) ( )[ ] tttt
2/1
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with 1)D(0,~
iid

tε . The associated VaR is then given by 
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where )(F 1 α=ε −
εα  and )(F tε  is the cdf of tε . Equation (4) refers to a single asset but 

it can be typically generalized to the case of a portfolio with 1m ≥  assets. Let jtr  be the 

return of the asset j at time t and j
1tv −  its portfolio weight at time t, computed at t-1, 
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If the modeller is interested in risk management and not only in its numerical 
estimation, it is necessary to analyze ( )1var −ℑttr  in a multivariate setting which 



 

requires the estimation of the inter-asset correlations. 
Formulas (4) and (5) can be estimated in a parametric as well as in a non–parametric 
setting. In both cases, efficient estimates of the time–varying portfolio conditioned 
means and variances are required in order to reconstruct the unobservable standardized 
innovations sequence tε  and estimate VaR for the relevant forecast horizon (k≥1). In 

section 2 we will deal with problems related to univariate VaR estimation using 
ARMA-GARCH models combined with appropriate distributional assumptions on tε . 

In order to simultaneously capture asymmetries in the levels and volatility, in section 3 
we suggest a particular threshold model (Amendola et al., 2006), which is obtained 
through a modification of the structure originally proposed by Tong (1978) for 
conditioned mean modelling. The probabilistic properties of the model are also 
analyzed.  Section 4 presents the results of an application to a portfolio of 15 assets. 
Section 5 briefly discusses the main problems required by the generalization of the 
proposed model to a multivariate setting and provides conclusions. 
 
 
2.  VaR estimation in ARMA-GARCH models 
 

Let is assume that the level of returns can be modelled as an ARMA and that 
volatility follows a GARCH model of some order (Engle, 1982; Bollerslev, 1986): 

 

t
o

t e
)B(

)B(

)1(
r

φ
θ+

φ
θ

= ;   ;e ttt εσ=    2
t

2
t e

β(B)

α(B)

β(1)

ω
σ += ;  

 
assuming that the usual conditions for stationarity, invertibility and positivity of the 
conditional variance hold. Following standard practice, by direct equation (4), we 
approximate k-steps ahead VaR through the following scaling rule 
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In usual applications, the autocorrelation structure of the levels is not very persistent and 



 

a low order ARMA model is usually required. On the other hand, for volatility 
prediction, it has been observed how in many cases a GARCH (1,1) model is able to 
produce sufficiently accurate results. These considerations lead us to focus on the 
following examples. 
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2. For 2
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If we take (2) into account, it is possible to derive an approximate1 asymptotic 
confidence interval for );k(VaRN α  at the 95%: 
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where (.)f  is the pdf of the standardized innovation tε , while αε̂  is the order α  

percentile of the innovation distributions. The class of GARCH models has been further 
generalized to capture asymmetric (leverage) effects in the conditional variance 
dynamics. In particular, the EGARCH(1, 1) (Nelson, 1991) accounts for asymmetric 
dynamics by means of the following recursion: 
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3. VaR estimation in Threshold Models 
 
Several papers have documented the presence of asymmetry in financial time series  (So 
et al., 2002, among the others). The class of threshold models proposed by Tong (1978) 
offer a useful tool for modelling asymmetric dynamics. These models are very flexible 

                                                 
1 The approximation is due to the variability in the estimation of  the conditional mean and variance of 
aggregated returns. For forecast horizons k>1, the scaling rule in (6) is evidently an approximation of the 
unknown k-steps ahead VaR. 



 

and can allow several features including asymmetry but also leptokurtosis, limit cycles 
and other features. We focus on the class of two regimes SETARMA models: 
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where 0I dt =−  if cr dt <−  ed 1I dt =−  elsewhere, 1d ≥ . The generalization to a higher 

number of regimes is straightforward. The first results on the probabilistic properties of  
(9), with q1=q2=0, can be found in Chan and Tong (1985) who show that a sufficient 
condition for the weak stationarity of rt is given by 
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Lim (1999) shows that this condition still holds even for qi>0; furthermore, if the order 
m moment of et exists, the same holds for rt. Differently, if 
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rt is strictly stationary and ergodic while the invertibility of these models has been 
investigated by Ling and Tong (2005).  
The sufficient conditions in (10) and (11) are very restrictive and they are often not 
verified. Similarly, in order to reproduce asymmetries and limit cycles in the conditional 
variance we use 
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Ling (1999) proves, under standard regularity conditions, that if (11) is satisfied and  
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with s = max(s1, s2) and u = max(u1, u2), then (rt, et) is stationary and ergodic. The 
condition (13) is a very restrictive one. Furthermore, the simultaneous estimation of the 
model parameters implies some difficulties (Chen et al., 2005). 
In this paper we consider a different threshold model proposed in Amendola et al (2006) 
which allows to analyze separately the two regimes simplifying (9) and (12). It must be 
recognized that the complex structure of  (9) and (12) is due to the presence of the 
binary process It in the denominator. If we use alternative formulations separating the 
dynamics of the two regimes, the model becomes much more tractable, as far as its 
statistical properties are concerned with the possibility of applying most of the results 
holding for the traditional ARMA-GARCH. 
Let us consider: 
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becomes the SETMA model by Ling and Tong (2005). For the conditional variance we set:  
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levels and volatilities evolve independently within each regime and their dynamics are 
not influenced by the regime structure of the overall model. This implies that, if the 
regimes are stationary and ergodic then the overall process is stationary and ergodic. 
This condition is less restrictive than  (10) e (13). The price to pay for the simplicity and 
flexibility of this model is that the observations occurring in the two regimes are 
unequally spaced and the sampling frequency within each regime varies randomly as a 
function of rt-d. In section 4 we will further investigate this issue and its possible impact 
on the applicability of the proposed model.  
Under the assumption that the error in regime i =1, 2 is distributed as a standardized 
Student’s distribution with gi degrees of freedom, letting r be the observed returns 
vector, L the overall log-likelihood, Li the log-likelihood function associated to regime i 
=1, 2, it can be immediately verified that 
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where (i)tµ  is the conditional mean of regime i =1, 2; )1,q,q,p,pmax( 2121 = 1ss 21 ++ ; 

dNNN 21 −=+ . The minimization of (14), which can be achieved by performing two 
separate optimizations within each regime, provides an estimate of model parameters. In 
conclusion, if the conditions for the stationarity, invertibility and for the positivity of the 



 

conditional variance ( 0it >σ ) hold for both regimes, it is possible to generate h ( d≤ ) 

steps ahead optimal forecasts by the formulas: 
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given that, in this case, the value of hNI +  is known since dhNr −+  is observed. 

Differently, for h >d, we replace hNI +  with its expectation p.  In practice the parameters 

of the two models involved in the forecasts are unknown and it is necessary to replace 
them with their maximum likelihood estimates derived from the minimization of (14) 
and with N/Np̂ 1= . The estimated errors 1tt1t2t1t I)ˆˆ(ˆˆ −ε−ε+ε=ε  can then be used to 

generate k-steps ahead prediction of the conditional mean and variance and, hence, of 
the associated VaR  
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with 1kN121 I)ˆˆ(ˆˆ −+αααα ε−ε+ε=ε  and αε iˆ  being the percentile of the standardized 

innovations distribution in regime i =1, 2 which is assumed to be distributed according 
to a Student’s T with iĝ  degrees of freedom. If the model used for estimating levels and 
volatility is well specified, an approximate asymptotic 95% confidence interval for 
VaR, by equation (2), is given by: 
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of a Student’s T in regime i with iĝ  degrees of freedom evaluated at αε iˆ . Alternatively, 

the confidence interval for VaR can be generated via simulation resorting to an 
adequately chosen Bootstrap technique. The estimated model can be validated by the 
usual diagnostic tests and in particular by checking that the autocorrelations of 

)( 1tit −ℑε  and )( 1t
2
it −ℑε are compatible with the iid assumption. 

 
 
4. An application to real data 
 

In this section, based on daily historical data, we build a virtual portfolio composed of 
15 financial assets and predict the associated VaR up to a ten days ahead forecast 
horizon using the best GARCH type model. The results are compared with those 
obtained by means of a threshold model for conditional mean and variance with the 
residuals distributed according to a Student’s T distribution with different degrees of 
freedom parameter within each regime. 
The data we use for this application are the adjusted closing prices observed for each 



 

asset on the Milan Exchange Stock Market from 07/01/2002 to 15/02/2007 for a total of 
N=1328 observations (fig. 1, left panel). The assets we consider are: Alitalia, Espresso 
Gruppo, Intesa San Paolo, Juventus, Luxottica, Marzotto, Mediaset spa, Generali ASS, 
Bastogi, Benetton Grup, Unipol Priv, Campari, Eni, Fiat, Gemina. The portfolio weights 
are assumed to be time varying and proportional to the daily traded volume (fig. 1, right 
panel).  Returns are calculated as the first difference of the log-transformed prices (fig. 
2, left panel). The histogram (fig. 2, right panel) reveals a remarkable kurtosis and a 
slight negative skewness. The sample autocorrelation functions (SACF) of returns and 
squared returns have been plotted in fig. 3. For the levels, the SACF supports the use of 
a low order MA model while the dependence structure of squared returns is much more 
persistent. We used the Schwartz criterion to identify an MA(1)-EGARCH(1,1) model 
whose parameters have been estimated by Gaussian Quasi Maximum Likelihood 
(values in brackets are asymptotic standard errors): 
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The estimated model has been used to predict 5% VaR up to ten days ahead. The 
forecasts with the associated 95% prediction interval have been reported in fig. 4 (left). 
The predicted VaR ranges from 1.78% (1 day) to 4.90% (10 days). We compare these 
estimates with those obtained from the proposed threshold model assuming an MA(1), 
for the conditional mean, and a GARCH(1,1) model, for the conditional variance, within 
each regime. The time plots of the returns falling within each of the two regimes, with 
N1=611 and N2= 716, have been reported in fig. 5. The differences between the two 
regimes are more evident if we consider the associated histograms (fig. 6) and SACF of 
squared returns within each regime (fig. 7, left panel). The SACF patterns show how the 
volatility tends to be more persistent in the first regime rather than in the second. The 
estimated model parameters for d = 1, c = 0 are: 
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confirming our prior belief on the structural differences between the two regimes. This 
is evident from the histograms of the residuals within each regime, which are 



 

characterized by substantially different tail behaviours. In fig. 7 (right panel) we have 
represented the frequency distribution of the run lengths within the negative and 
positive regimes, respectively. In the case of equally spaced observations, this frequency 
should be equal to 1 for a run length equal to 1 and 0 elsewhere. A practical way of 
measuring the distance from this benchmark is to use the following relative distance 
measure, which compares the observed cumulated frequencies with their theoretical 
counterparts in the case of equally spaced observations  
 

∑
−

=
≤−−=ν≤

1H

1j

)i(
ji 1)1H/(F10 , i =1, 2 

where H is the maximum observed run length and )i(
jF  are the cumulated frequencies of 

run lengths within regimes i =1, 2.  In our case it is H=9, 138.01 =ν , 1.02 =ν  which 
are very close to 0 implying that the information loss deriving from using regimes with 
unequally spaced observations is negligible with respect to the case of equally spaced 
data points. Again, the estimated threshold model was used to predict VaR up to 10 
days ahead (fig. 4, right panel) starting from 0I N =  and using 4604.0p̂ =  to compute 

the predicted values of ),k(VaRN α  for k≥ 2. The range of variation of VaR is similar 

to what observed for the MA-EGARCH model, going from a minimum of 1.7% (1 day) 
to a maximum loss of 4.6% (10 days). At the same time, however, the threshold model 
allows for a deeper interpretation of the market dynamics allowing to condition the term 
structure of risk on the state of the market.  
 
 
5. Concluding remarks and further developments 

 

The above-discussed models can be used for the estimation of risk measures such as the 
VaR. In order to use these models for risk management purposes, however it is 
necessary to establish a link between the target risk measure and the set of portfolio 
weights vt-1. Such a link is missing in equation (4) while it is present in equation (5), 
which, however, requires full knowledge of the conditional variance matrix of portfolio 
returns tΣ . This consideration motivates the use of multivariate conditional heteroske-

dastic models. In theory the threshold model discussed in section 4 could be easily 
extended to a multivariate setting specifying appropriate multivariate threshold models 
for both conditional mean and variances. On an operational ground, however, several 
problems arise. Multivariate conditional heteroskedastic models are affected by the 
curse of dimensionality since the number of parameters tends to increase rapidly, often 
in an exponential fashion, as m increases (Bollerslev, 1988). To limit the number of 
parameters to be estimated, it is then necessary to impose restrictive and, in many cases, 
untestable constraints on the model dynamics. The semi-parametric approach, known as 
GEWMA, is perhaps the most widely diffused solution among practitioners (see e.g. 
Longerstay, 1996). Other notable examples of parsimonious multivariate conditional 
heteroskedastic models include the CCC, proposed by Bollerslev (1990), the O-
GARCH, proposed by Alexander (2001), the DCC, proposed by Engle (2002) and the 
related ADCC model, proposed by Cappiello et al. (2002). Alternatively, several non-
parametric approaches have been proposed. Nevertheless, even in this setting, some 
important computational difficulties and probabilistic problems, related to the properties 



 

of the estimators, arise. The estimates obtained by non-parametric approaches are not as 
easily interpretable as their parametric counterparts. A critical review is provided by 
Fan (2005). 
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Appendix 

 
Figure 1: Adjusted closing prices from 07/01/02 to 15/02/07 (left) and portfolio weights 
(right) 

 
 

Figure 2: Daily portfolio returns: time plot and histogram 

     
 
 

Figure 3 – SACF of raw (left) and squared (right) portfolio returns 
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Figure 4: 5% VaR with asymptotic 95% confidence bands: EGARCH (left) and 
Threshold model (right) 
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Figure 5: Returns within the first (left) and second regime (right). 
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Figure 6: Histograms of first (left) and second regime returns (right). 

     
 

Figure 7: SACF of squared returns (left) and frequency distribution of run lengths 
(right) within each regime. 
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Figure 8: Histograms of first (left) and second regime (right) residuals. 

     


